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A Bernstein quasi-interpolant operator B%) has been introduced by Sablonniere
(in “Multivariate Approximation Theory, Vol.IV" (C.K. Chui. W.Schempp.
and K. Zeller, Eds.). Birkhauser, Basel, 1989). In this paper we show that for fixed
k the norm ||B'®|| . is uniformly bounded in n. This answers a conjecture of
Sablonniere. T 1991 Academic Press. Inc.

1. INTRODUCTION

Let f be a function defined on [0, 1]. The Bernstein operator B, is
defined by

B,f= Z f( >Pm

where p,;,= (,.) x(1—=x)"",0<i<n It is well known the approximation
order of B, is O(1/n). To obtam faster convergence various Bernstein-type
quasi-interpolants have been introduced. Recently P. Sablonniere intro-
duced such an operator [4]. To illustrate the operator we recall some
notations (see [4]).

Let P, denote the space of polynomials of degree at most #». On the
space P, the operator B, can be considered as a linear differential operator

[3,4]

'M=

B,=} BiD’ (1)
i=0

where 7 € P, are defined by the recurrence relation
n(i+1) 7, (x)=X(DBHx)+ p7_ (x)),
=1 =
where (and in the following) X = x(1 — x).
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Because B, is a one-to-one mapping on P, there exists the inverse
H n
operator B, ' defined on P, which can also be considered as a linear

differential operator

where 67, =57, (;) D'}

i+s—r"
For 0 <k <n, [4] introduced the truncated inverse of B,
k
k 3 1
AP=Y D
/=0

and defined the so-called left Bernstein quasi-interpolant B (of order &)

B =4%B,.
That is,

Bizk) = Aixk)Bn
k
=Y «7D’B,.
j=0
In order to investigate the convergence of the left Bernstein quasi-inter-
polant in C[0, 1], we want to know whether the norm of the operator B*’
is bounded for k fixed. Here we consider [0, 1] as a Banach space
(C[0, 11, || ) with the norm || f1i.. =supo< .<; | f{x)} for f{x)e C[O, 15
and B'*' as a linear operator BY*): (C[0, 17, |i-i.) —> {C[0, 17, -1} For
k=0, k=1, we have

B®=B"V=8,.
Hence
B¥M . <1, k=01
For k=2,

1B .. <3
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is proved in [4]. As to what happens for k>3, P.Sablonniere has the
following conjecture [4]: for fixed k, the norm |B¥|_ is uniformly
(about n) bounded. Then based on the conjecture he has proved a con-
vergence result of B*). And it is said that the experimental results support
the conjecture. Thus it is crucial whether the conjecture is true or not. In
this short note we will prove this conjecture.

2. PRELIMINARIES

From the expression of B,, it is easy to derive
1 ,
Bi(x) == B((- — x))(x) (3)

The properties of B,((-—x)’)(x) have been extensively investigated in
papers involving Bernstein polynomials (for example, [1, 2, 5]). We recall
the recurrence relation of B,((- — x)')(x)= T, ,(x):

Tn.O(x) = 1:

Tn.l(x)zoa
Tn.i+1(x) (Tn z(x)+l ll—l(x))

By induction it is easy to check that

T, 3m(x) = C () ‘:m C{™(x) mm: + - +CP (x) n—z,,,i_—l
m m—1 X
Tn,z,,,+1(-’€)=D6"”(X)n,,,+l +D{"(x) S5 PrES +Di,§"_’1(x)nzm-
Set "= [(s+1)/2]. We can write
Ty0) = Foees(0) 2 4 Fu () 2y

s—s'

-+ Foolx) (4)

where F; ;(x) are polynomials mdependent of n (just as are C; ) (x) and

D“’(x)) Repeated differentiation of (4) shows that

X' X2
Dans(Y)_ :: s~1(x) n- 1+Fss s—Z(’C)n -2

s —85 —j

: +F’£.0(X) I &)
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where we make the convention X * =1 for integer x <0. F/ ,(x) are polyno-
mials bounded uniformly in n.

LeMMAa 1. 37 is defined in (2). Then for r <s we haie

1 ;
3 (xy =G 1) == + G Cf’,,(Y)——i,
]

sr\”

YS*rf[45~r+i)2j
sr sr e
Gl ’\) GL(s r+1)2 ]( ) Gis—r+rn23 - &)

Note that

| L N
0% 1) =G () = + G (x) = +GYT(x)
n n

5;’0(,\') = ; Tn,s(x)’

Here G}'(x) are polynomials independent of n. In particular
r\
or =s! (’\n 5 (&)
S/
Proof. By the definition

=3 () o8t

and using (3) and (5), the rearrangement of the terms X yields (6). For (&'}

see [4]. |
LEMMA 2. We have ag=1, 27=0, and

X X" , X
A= HY L (6) o H HI () b o + HE) ——, 522,
n ]

where s’ = [(s+1)/2] and H(x) are functions uniformly bounded in n and
xe[0. 1].

Proof. By induction. For s=2 it is obvious by calculation. Now
suppose (7) is true for s<k — 1. By Lemma | we have

1 1 !
0 ( )= Gﬁ:l(‘() P Afv(x) +"‘+Gm (Y; ko

X,'\'frf[{kvr—‘—l}Z]

X
kr kr
+ G} —rfl(’c)nk—r71+ +G[(k7.r+i>'2](x) pLE=r=1y2]
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1 ) X
_Gi' ,(‘C) +Gk rfl(\)ﬁ

Xk—r—[(k~r71)"2]

+G[(k r+l)2]( ) n[(k—r+l),2]

Thus for r<k—1,

X

[ 1
Ly r—(GllZ'_,-(«)n S+ Gy, I(Y)n"”ﬁ

Xk—r—[(k—r#l)'Z]
kr
+ -+ Gy y2g(X) plE—r+ D21 )

0% X’) Xr-r
(Hnr l(x.)n 1+H:"’_2(X)F+ —|—H:',r(x) rg )

n
k—r+1] [r+l] [k+1] ,
+ > =K.
[ 2 2 2

Hence with the rearrangement we can write 67,7 as

Note that

X XZ ) k—k’
Opar =Ly \(x) Py L 5(x) prer R Ly (x)

where obviously all LJ’.‘“’(x) are uniformly bounded in # and xe [0, 1].

Noting that
n
0%, =k! (k) n*,

n* n*

TR ntn—1)-(n—k+ 1)

1 2 k—1
1+— V1 AL
( + 1>< +n—2) (1+n—k+1>

=1+K,,

we have

where K, is bounded in n. Using the recurrence relation about «f, we have

noan__
Ot =— Z T Xy

It follows that (7) is true for s=4&. |
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3. MaIx ResuLT

Now we are in a position to prove the main result about the norm of the
left Bernstein quasi-interpolant.

THEOREM. Ler
B(k\ A(l\ B

= Z 2'D’B,.

j=0

For fixed k, the norm |B'®'| _ is bounded. Namely, there is a constant M
independent of n such that

!B:;k)| - <M.
Proof.

B,f= Zf( >p,,,

It is well known that

! n*/
DjBn n !pn~u ’
f(X) ( _J)‘l— x f\ .
181
ALn=f(X+—)—fH%
nj
It has been proved that
X IDVBf(x)|<C(ryn"{ fll .., xe[0,1], (9}

where C is a constant independent of #n [2]. For integer / we write it as
j=s+2r,

where 5 and r are integers, 0 <r < [ji2]. Thus

. nl "t A Y
D’B, f(x)= D*(D*B, f(x)) =D N4y fl- Ax) 1.
nf(Y) ( nf(x.)) <(" —S)‘ Ii‘g lnf \?’!} pnfs..(xz/j

From (9) it follows that

X" |D'B, f(x)] < C(j) —

(}' S)’ }’l—»\,‘)’y Ai)f'()!ﬁc

SCGHmt .. xel0 1] (10)
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Now using Lemma 2, we obtain

' Y yi—fu+na2] _
2D/, f(x) <K(n—+ +ﬁ>—]) DB, S (),

J—1

where the constant K>max, .,; 1 |[H?(-)ll .. independent of n. Noting
that

A5

and j=s+ 2r, from (10) we have

r

X 1 N e
= (DB, [ < = Cl T IS

<CiNIfl., xe[0,1]
Thus
[a"D'B, f() < Co(j) Ifl,  x€[0,1].

For fixed & we have

k
1BYf(x)I < Y 1o/ D’B, f(x)|

j=0

<<_Z Cz(f)) e xe[0,1]

=0

Let M= ( f=0 C,(Jj). Then we obtain the desired result:

1B < M.
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